The interval finite element method based on the element-by-element technique is proved to be a rigorous and efficient method for considering interval uncertainties. The structural internal force of the same accuracy as the interval response displacement can be obtained by combining the variational method and the Lagrange multiplier method. However, the increase of the Lagrange multiplier reduces the efficiency of solving the equation, especially for a large truss system. In addition, the method is mostly used to analyse truss system, and the applications in plane problems are still rare. In this article, an improved method involving modification of the Lagrange multiplier interval equations is proposed to calculate interval displacements and interval internal forces at the same time. In this proposed method, the increase of the unknown Lagrange interval does not affect the solution of the equations. For plane problems, a new method for solving the stress interval of the element is proposed. This proposed method can effectively reduce the expansion of the stress interval of the element. Finally, the correctness and rationality of the proposed method are verified by numerical examples.
Introduction
By combining the interval analysis method 1 with the finite element method, a new method for interval uncertainties, the interval finite element method, 2, 3 has been proposed. The main idea of the interval finite element method is to study the influence of the structural system parameters on the structural displacement and stress by considering the structural parameters as interval variables; its core content is to solve the interval governing equations. 4 Based on the monotonicity of the function, the combination monotone method was proposed by Rao and Berke. 2 However, this form of monotonicity is not always satisfied, and with more uncertain parameters, the calculation of this method is more complicated. A perturbation approach of the interval finite element method based on the perturbation theory was proposed by Qiu and Elishakoff 5 and Wang et al.; 6 however, their method can solve only small perturbation problems. Subsequently, a subinterval perturbation method for large perturbation cases was proposed; 5 however, although the increase of the sub-interval improves the accuracy of the results, it also requires a large amount of calculation. The interval finite element method has a wide application prospect in engineering, but the interval extension caused by the interval correlation problem restricts the application of the method. Rump 7 proposed an interval iteration method based on Brouwer's fixed-point theorem which has been shown to be efficient and accurate for solving linear interval equations. But, it may result in meaninglessly wide and even catastrophic results without dependency consideration. In the work of Muhanna et al., [8] [9] [10] based on the element-by-element (EBE) technique, the structural stiffness matrix is assembled, and the correlation problem caused by element stiffness coupling is fully considered by the interval factor separation method. The EBE-based interval finite element method was also extended to calculate the envelope frequency response functions with uncertain parameters by Yaowen et al., 11, 12 and the results indicated the effectiveness of the EBE model to frame structures. To obtain the high-precision axial force of a truss, a Lagrange multiplier method was proposed by Muhanna et al., 9 the method provides the same accuracy axial force of truss as the interval displacement. However, the increased number of unknown quantities decreases the effectiveness of the method, especially for a large truss system. So far, the interval finite element method, based on the EBE technique, is mostly used to analyse a frame structure, whereas for plane problems, the use of the EBE technique is seldom mentioned. Moreover, compared with the displacement, the element stress in plane problems is of more concern. The method of element interval stress in plane problems was given by Zhang. 13 The method is effective for small uncertainty, but the degree of the extension is larger when the uncertainty is larger.
In this article, an improved interval finite element method based on the EBE technique is proposed based on the full study of the finite element method based on the EBE technique. After improvement, interval internal forces can be calculated with the same accuracy as the interval displacements, eliminating the effect of variation of the unknown quantities to the calculation process. A new formulation to obtain the element stress is proposed for the condition in which the accuracy of stress is low when the parameter uncertainties are fairly large.
Interval conceptions
The interval number is defined by real and limitary set ½x, x = fxj x xg. As a rational number a=b or complex number is regarded as a pair of in-sequence integer, the interval number is regarded as a pair of in-sequence real numbers x and x. The interval number is denoted by X I , and x and x are its two limits, that is, X I = ½x, x. For two interval numbers X I = ½x, x and Y I = ½y, y, the operation laws are defined as
min xy, x y, x y, xy , max xy, x y, x y, xy h i
The operation laws for a real number, such as commutative law, associative law and identity law, are only partly tenable for an interval number. Other operation laws represent infirm inclusive form, such as distributive law and quits law, for example,
Thus, the operations of interval number may be induced in the extension of interval. The interval extension is described by the relations of real-valued function f and interval-valued function F
For interval extension, some methods have been proposed, such as the combination monotone method, 2 the sub-interval perturbation method 5 and the truncation method. 14 
Interval finite element method based on EBE
Generally, the interval finite element equation for the static boundary value problems is described as
where K is the stiffness matrix, R is the load vector, a I is the interval parameter vector and U I is the static interval displacement vector.
For the interval finite element method based on EBE, 15 it is assumed that the interval parameters between each element are independent, and the interval parameters in the element are interrelated. By separating the elements and using the EBE technique, the structural global stiffness matrix is assembled to eliminate the correlation of adjacent units during the coupling process in the common junction. Supposing the uncertainty of the elastic modulus is d I , that is,
, the interval element stiffness matrix is
where K c has the form of K c = K 1 . . . 
. . , Ne, and Ne is the total number of the elements, and n is the number of degrees of freedom of each element.
The assembled stiffness matrix is singular because the mutual restraints between elements are released by the separation of elements. To remedy the displacement compatibility condition after the separation of the EBE system, additional constraints should be imposed. Suppose the compatibility of displacements is as follows
where c is a node-selection matrix with only 0, 1 and -1. For non-interval conditions, the total potential energy functional of the discrete model structure constructed by the Lagrange multiplier method is described as
where P Ã p is the total potential energy functional, K is the global stiffness matrix, and P is the structural load array. l is the Lagrange multiplier vector, having the form of l = (l 1 . . . l m )
T , and m is the number of additional constraint equations. Through the stationary value of the potential energy function, that is, ∂P Ã =∂u, the governing equations 9 are obtained
Considering the uncertainty of the parameters, we have
Define
Thus, equation (8) is transformed into
According to the fixed-point iterative method, 16 ,17 the solution of the equations is
where
, A c is the midpoint of the interval stiffness matrix A I , and
is the interval expansion factor, which is used to improve the efficiency of interval iteration, and b is usually between 0.001 and 0.1.
The response displacement interval and the Lagrange multiplier interval of the structure can be separated from x I using the Boolean matrix L
where the Boolean matrix L is either 0 or 1, indicating the relationship between the global stiffness matrix and the element stiffness matrix.
Improved interval finite element method based on EBE
Note that the structural stiffness matrix K c given by equation (8) is singular, and A c contains the items with the principal element of 0. Obviously, A c is also a singular matrix, and it does not exist for the inverse matrix A À1 c . In addition, the original solution method of equation (8) not only increases the number of degrees of freedom but also expands the size of the matrix, thereby increasing the storage burden of the computer and greatly reducing the computational efficiency, especially when the scale of the problem is large. In view of the above shortcomings, an improved solution method of the Lagrange multiplier interval equations is proposed in this article.
The displacement interval compatibility condition is transformed as
Substituting equation (14) into equation (8), we obtain
where a is a specified constant, which is advisable to be hk max . k max is the maximum principal component in the stiffness matrix, and h is the penalty factor. At this point, both sides of equation (15) have the term l I , which can be solved via the iterative method, that is
The iterative process is expressed as follows
Using the fixed-point iterative method for equations (17) and (18), we obtain
where A c is not a singular matrix,
If only the uncertainty of the elastic modulus of the material is taken into account and load p is the determined value, we obtain b ÃI = À c T (l ÃI ) n . Thus, the interval displacement in equations (21) and (22) can be expressed by
The initial conditions for the above iterative computations are
The converge condition is
k k is a matrix norm, and Toler is the convergence tolerance, which can be chosen as 1.0 3 10 -6 . According to numerical experiences, the iteration equations (19)-(22) converge after only two steps; at this time, n equals to 1. According to equations (19) and (20), the Lagrange multiplier solution of the equations is (l c ) n , and the displacement solution is (u c ) n + 1 . When n is equal to 1
The initial multiplier vector (l c ) 0 = 0; thus, equations (26) and (27) can be transformed into
In the same manner, the interval part equations (22) and (23) can be changed to
When the interval Lagrange multiplier À Rc T l ÃI has little effect on the response displacement interval, the interval displacement can be approximately taken as
The response displacement interval and the Lagrange multiplier interval of the structure can be obtained easily and efficiently using the improved interval finite element method based on EBE. The Lagrange multiplier interval can be converted for the element nodal force interval. In the displacement interval finite element, the nodal force interval of element is described as
where L e is the element selection matrix, F I e is the nodal force interval of element, and p I b is a structural boundary support reaction interval; for a truss structure, p I b is the constraint reaction interval. According to equation (15), we have
Substituting equation (34) into equation (33) yields
In system of bars, equation (35) provides a method for effectively calculating the axial force of a member bar.
A new interval stress solution method
In the traditional finite element method, the nodal force of element can be obtained by the element stress
where B is the element strain matrix, D is the elastic matrix, s e is the element stress array, and u e is the element displacement array. For a three-node triangular element, the strain matrix B and the element stress s e are constant. Thus, equation (36) can be provided as
where S is the plane element area, and t is the plane element thickness. For a quadrilateral element, the element integral form of the natural coordinate system is obtained via equation (36) as
For rectangular or parallelogram elements, the Jacobian matrix J j j is a constant; for general four-node elements, the Jacobian matrix J j j can be approximated as a constant when the element size is small. Suppose u(e, h) = B
T s e and the equation (38) can be transformed as
Because the stress inside the element is continuous, that is, u(e, h) is continuous in the element, according to the double integral mean theorem, it is obtained the following equation
where À 1 a 1, À1 b 1 and u(a, b) are the stress at coordinate (a, b) within the element. The approximate and exact solution of stress is equal at the optimal stress point of the plane four-node isoparametric element. 18 The optimal stress point of the fournode rectangular or parallelogram element is located at the centroid of the element, whose natural coordinates are e = 0 and h = 0. Gaussian numerical integration is typically used for the four-node isoparametric element, and the accuracy of the integral depends on the order of the Gaussian integral. The exact integral scheme of the four-node parallelogram element is 2 3 2 order Gaussian integral, that is, the element nodal force expression given by equation (27) is precisely established. Therefore, for parallelogram or rectangular elements, using the 2 3 2 order Gaussian integral scheme, the following equation is obtained
Equations (37) and (40) can be uniformly expressed as
Because B is an irregular matrix, there is no inverse matrix for B; however, the generalized inverse matrix B + exists and is unique. If the element nodal force is known, then equation (42) can be regarded as an overdetermined equation of the element stress, and the least square solution of the element stress is
Considering the uncertainty of the structural parameters, the interval stress of the element is
Substituting equation (35) into equation (45) yields
From the properties of the generalized inverse matrix, we obtain (B T ) + = (B + ) T . Because rank(B) = m = 3, that is, B is a row-full-rank matrix, we obtain (
If the Lagrange multiplier method is also used for model constraints, then p I b can be given by the Lagrange multiplier. Substituting the Lagrange multiplier interval into equation (46), the element stress interval can be obtained as
A reasonable element stress interval can be obtained by delaying the interval multiplication operation in the calculation process as long as possible. The method is strict and effective for triangular and rectangular or parallelogram elements, and the stress interval for the general quadrilateral element is an approximation.
Numerical examples

Plane truss example
Here, a plane truss 13 is considered; the truss is composed of m-bar -n-layer members. The left node of the truss is subjected to a horizontal concentrated load, and the upper node is subjected to a vertical concentrated load, as shown in Figure 1 , where the load is 10 kN, elastic modulus of bars E = 210 GPa, the crosssectional area is 0.0025 m 2 , and L is 1 m. Considering the uncertainty of the cross-sectional area of the element, the uncertainty is 1%. The different m and n values are calculated. The computer is running on the Windows 7 operating system using a processor operating at 1.6 GHz, and the memory is 1.5 GB. Table 1 presents the comparison between the results obtained by the original method 13 and the improved method of the horizontal x-displacements at point D, and Table 2 presents the corresponding comparison of the axial forces at element 1. Tables 1 and 2 show that the results obtained by the improved method are basically the same as the results of the original method, 13 and the error is very small, demonstrating that the improved method is reasonable and feasible. Table 3 shows the comparison between the original method 13 and the improved method of the time consumption of the matrix inversion and interval iteration process, and Figure 2 shows the relationship curve of the central processing unit (CPU) time and the number of interval variables. It may be seen from Table 1 and Figure 2 that the computational time increases with the increase in the number of interval variables and the matrix inverse process takes up more computation time. The improved method reduces the storage scale of the matrix, thereby obviously improving the calculation efficiency.
Plane quadrilateral element example
Consider the plate with a quarter-circle cutout 13 shown in Figure 3 . The plate has dimensions of 0.1 m 3 0.05 m with a thickness of 0.005 m, and the radius of the circular Figure 1 . m-bar -n-layer truss structure. Figure 3 . The plate is analysed as a plane-stress problem.
Considering that the uncertainties of the elastic modulus of the material are 1%, 5% and 10%, Table 4 gives the comparison of the results obtained by the original method 13 and the improved method of the x-directional displacement at point A, Table 5 gives the comparison results of the y-directional displacement at point E, Table 6 gives the comparison results of the x-directional nodal force at node 14, and Table 7 gives the comparison results of the y-directional nodal force at node 14. It may be seen from Tables 4-7 that the results obtained by the improved method are basically the same as the results of the original method, 13 and the error is very small, demonstrating that the improved method is reasonable and feasible for the planar solid elements.
Considering that the uncertainties of the elastic modulus are 1%, 5%, 10% and 15%, Table 8 gives the comparison results obtained by the endpoint combination method, the original method 13 and the improved method of the centroid stress at the element 6. Figures  3 and 4 show the change curves of the stress interval width in the x-direction and the y-direction at element 6 as a function of the uncertainty of the elastic modulus for the three methods. Table 8 reveals the following: (1) the element interval stresses obtained by the original method 13 and the proposed method are less than those of the endpoint combination method, in agreement with the inherent characteristics of the two methods; (2) the results of the proposed method are superior to those of the original stress interval method; 13 and (3) with the increase of interval uncertainty, the result of the original method 13 is increasingly deviated from the reasonable range; on the contrary, the proposed method can give more reasonable element stress interval, as confirmed in Figures 4 and 5. Figures 4 and 5 also reveal that the improvement effect of the x-direction stress interval is more obvious than the y-direction stress interval because the x-direction is the direction of the load, and the stress value is greater than that in the y-direction; as a result, the magnitude of the medium value in the interval iterative method has a significant effect on the interval width.
Conclusion
In this article, an improved interval finite element method based on the EBE technique was proposed. In the proposed method, the original governing equations of finite element method (FEM) are divided into two parts, namely, the displacement equations and the Lagrange multiplier equations, and the iterative process is used to solve the corresponding equations. With an Figure 2 . CPU time versus problem scale for the original method 13 and the improved method. increasing number of the unknown Lagrange multiplier equations, the process of solution of structural response displacement is not affected, and it can obtain the structural response interval displacement and the interval force with the same precision at the same time. The numerical examples showed that the improved method has the same accuracy as the original method, but it greatly improves the efficiency of the solution of the large-scale bar system. A new method of solving the element stress was proposed by applying the improved method to the plane problem. In the proposed method, the element centroid stress interval can be solved by the element node force interval, and high accuracy of the element interval stress can be guaranteed. A numerical example showed that the improved method can maintain the interval accuracy, in agreement with the original method, 13 and even when the uncertainty of the structure is large, reasonable interval results can be obtained using the proposed method.
